AQA Level 2 Further mathematics Further algebra

Section 4: Proof and sequences

Solutions to Exercise

1.

3,

H n is odd, w2 and w2 are both odd, so n= - n2 is even.
tf nis even, n= and w2 are both even, so ne - n2 is even,
Therefore for all positive integers n, ne - n2 is always even,

For three consecutive integers, at Least one will be even, and one will be a wmultiple of =,
Therefore the product of the three tntegers is both a multiple of 2 and a multiple of 3,
and so is a multiple of &,

Any odd number can be writtew as 2. + 1, where w s an integer,

So the square of an odol number can be written as (2n +1)* =4n* +4n+1
=4nn+1)+1

one of nand n + 1 is even, so n(n +1) is a multiple of 2 andl therefore 4n(n +1) is

a wultiple of g,

So 4n(n+1)+1 s one wmore than a multiple of . So the square of any odd nuwmber

ls always 1 wore than a multiple of €.

1) wthtermw =30 —1
1stteym =3Xx1—1=2
ity =3X2—1=5
ey =3Xx3—-1 =%
4tMteym =3x4 -1 =11
Sequence is 2, 5, , 11, ...,

(i) wnthterm =n®*—1
1stterme =1% —1.=0
2Mtem =2° —1=4-1=3
3term =3 —1= 9-1=¢
4thterm =4 —1=16—-1=15
Sequenct is 0, 3, €, 18, ...,

(LiL) nthterm =2n° —2n +1
1stterm =3x1° —2Xx1+1=3-2+1 =2
i term =3X2° —2Xx2+1=12-4+1= 9
3hterm =3Xx3° —2X3+1=2F —6+1 =22
4tterm =3X4° —2X4+1 =48 -8 +1 =41
Sequence ls 2, 9, 22, 41, ...
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5. (1) ©achterm increnses by 3, so the general term must tnvolve 3.
nthterme =31 —1.,

(i) each term decreases bg 2, so the general terme maust involve -2un.
wthtermw =12 -2

6. (1) The sequence has nth term anz + b + ¢,

Terms = 9 17 2F 39
Differences & g 10 12
Secondl differences 2 2 2
Sopa=1

Terms 2 9 17 27 39
anz 1 4 9 16 25
bn + ¢ 2 5 g 11 14

The values of bn + ¢ go up by 3 each thme, sob = 3, and e = -1
The nth term of the sequence is n2 + 3n - 1,

(il) The sequence has nih term anz + b + ¢,

Terms -2 4 14 2% 46
Differences & 10 14 18
Secondl differences 4 4 4
Soa=2

Terms 2 4 14 22 46
an? 2 g 12 32 50
bn + ¢ -4 -4 -4 -4 -4

The values of bn + ¢ are all the same, so b = 0, and ¢ = -4
The wih term of the sequence is 202 - 4,

(ith) The sequence has nth term anz + bn + ¢,

Terms Va 12 15 16 15
Differences 5 3 1 -1
Second differences -2 -2 -2
Soa=-1

Terms F 12 15 16 15
anz -1 -4 -9 -16 25
bn + ¢ g 16 24 32 40

The values of b + ¢ go up by € each time, sob = g, and ¢ = 0
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The wth tenm of the sequence is -n2 + gn.,

” 22n+5
# (1) wnthtermw =——
4n—1
2X1+5 2+5
15t term = _ _Z
4 X1 -1 4 -1 i)
2LXE5E+E 10+5 15
Shteem = = =—
4x5-1 20-1 19
2X100+5 200+ 5 205
100%™ teym = = =

4x100—1 400-1 399

AS n—>0, 2u+5 521, 4n—1—>4n
n+5 2n 1L

_ Sy = —

4n —1 4n 22

The Limit of the sequence is %,

)

., 1—-6n
(D) nthterm = ———
2un+3
1—-6X1 1-0 5
1stterm = = =—-—=-1
LX1L+32 2+3 5
1—-6X5 1-—-20 2
5 term = = -2
2X5+32 10+3 13
1—6X100 1 —600 5t
100 teyvn = = __32D

2LXI00+3 200+3 203

ASn—>0,1—-6n—>—66n, 2n+3—>2n

1—-—6n —bon
S0 —> =—3
2 +3 21

R, Method 1
n?*+2u -5 =1000

n +2m =1005
nW+2n+1=1006

(n+1)* =1006
n+1 is a whole number but 1006 is not a square nwmber sp 1000 cannot be a term tn

the sequence.

Method 2
n?*+2n—-5 =1000

n?+2n =1005
nw(n+2) =1005
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n and n+2 are conseoutive even or consecutive odol numbers. To multiply to make
1005, they must both be odd,

1005 = 3X5X 67

There are no consecutive oold nwmbers that multiply to make 1005 so 1000 cannot be a
term b the sequence.

Method 2
n*+20 -5 =1000
n*+2n—-1005 =0
Solve the quadratic equation.,
n=30720r-32,72
n s not an bnteger so 1000 Ls not a term in the sequence.

(@) one possible sequence is
n+1

(b) Owne possible sequence is 4 —
n+1
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